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ABSTRACT 
The IBM 7094 operations DFMP, DFDP, DFAD, and DFSB and 
the FORTRAN I1 library subroutines ( DFMP ) , ( DFDP ) , ( DFAD ) , 
and (DFSB) were tested by applying each to 32,000 pairs of random 
arguments uniformly distributed between 0.5 and 1.0. 
The operations DFAD and DFSB performed true 54-bit floating- 
point arithmetic. The operation DFMP gave a correctly rounded 54-bit 
result in only 3.6% of the cases, and the error ranged from -6.00 to 
0.00 in units of the last bit position of the product. The relative error 
ranged from -0.750 * 2-50 (= -0.666 * to 0. 
The corresponding figures for DFDP were 47.2%, -3.48 to 2.72, 
and -0.45 * 2-5i (= -0.20 * 10-15) to 0.62 * 2-5i (= 0.28 * 10-l~). 
The subroutines were less accurate on the average than the corre- 
sponding hardware operations; however, there were cases such as 
multiplication by 1.0 (or by any other exact power of 2)  in which the 
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1. INTRODUCTION 
The purpose of this study was to investigate the ac- 
curacy of the double-precision (D.P.) hardware opera- 
tions DFMP, DFDP, DFAD, and DFSB on the IBM 
7094 computer. For comparison, some of the tests were 
run also on the FORTRAN I1 library subroutines 
(DFMP), (DFDP), (DFAD), and (DFSB). The test pro- 
grams are identified as C2C, C3C, and C4C, and each 
required 5% min of machine time. 
Since, apart from the underflow and overflow, the 
error in multiplication and division depends only on 
the fractional parts and not on the exponent parts or the 
signs, it is sufficient to check these operations on argu- 
ments in the half open interval [ O S ,  1.0). 
Each operation was applied to the same set of 32,000 
pairs of normalized double-precision arguments lying 
strictly between 0.5 and 1.0. These arguments were 
pseudorandom and uniformly distributed. Some addi- 
tional effort was expended for the purpose of partially 
randomizing the bit pattern of each of these arguments. 
Although this set of arguments is not particularly appro- 
priate for studying addition and subtraction, the same 
runs were made for these operations. The operation 
DFSB was exact in all cases, and the operation DFAD 
was exact half the time and too small by 0.5 in units of 
the last bit position of the sum the other half of the 
time. Since this is the best that could be expected from 
these operations, we saw no reason to test them further. 
The subroutine (DFSB) was exact in all cases, but the 
subroutine (DFAD) erred by as much as 2.0 in the last-bit 
position. 
It should be noted that there is no theoretical basis 
for asserting that the uniform distribution or any other 
distribution describes the manner in which the fractional 
parts of arguments occur in actual problems. The uni- 
form distribution was used because it was simp1est.l 
'For a discussion suggesting that small fractional parts occur more 
frequently than large fractional parts, see Hamming, R. W., 
Numerical Methods for Scientists and Engineers. New York, 
McGraw-Hill, 1962. 4 . 3 5 4 9 .  
II. THE DOUBLE-PRECISION RANDOM NUMBERS 
Each Double-Precision (D.P.) random number was 
constructed from four single-word fixed-point random 
numbers. The fixed-point random numbers were gener- 
ated by the following standard method: 
The numbers so generated are approximately uniformly 
distributed between 0 and 1. 
High Order Word: 
Sign = + 
Bits 1 to 9 
Bits 10 to 22 
Bits 23 to 35 
10 000 000 1 
High Order 13 Bits of X,i 
High Order 13 Bits of X4iwl 
Low Order Word: 
Sign = + 
Bits 1 to 8 01 100 101 
Bits 9 to 22 
Bits 23 to 35 
High Order 14 Bits of X4i-* 
High Order 13 Bits of X4i-3 
The numbers constructed in this way are in normalized 
7094 double-precision form and are approximately uni- 
formly distributed between % and 1. 
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I 
111. COMPUTATION OF ERRORS AND RELATIVE ERRORS 
The arguments were converted to the three-word for- 
mat appropriate to the Jet Propulsion Laboratory’s 70-bit 
arithmetic subroutines PROQ, QUOQ, SUMQ, and DIFQ, 
and then operated upon by these subroutines to obtain 
the “true” results. The result of the D.P. operation being 
tested was converted to the 70-bit format and the dif- 
ference (D.P. result minus “true” result) was computed 
using DIFQ. Then this difference was either scaled to 
units of the last bit position of the D.P. result (to obtain 
the quantity called “E” in the accompanying tables) or it 
was divided by the true result to obtain the relative error 
R *2-54. 
I 
IV. CLASSIFICATION OF ERRORS 
The product of two of the test arguments must lie 
between ?4 and 1, and thus the exponent part of the 
product is octal 177 or 200. When the exponent part is 
177, it means that a normalization shift has occurred. 
Since it was expected that this shift would cause larger 
errors, the results were tabulated separately for the 177 
and 200 cases. 
/; (.5/x - .5) dx / .25 = .3863 
our test, this occurred 38.5% of the time. 
The quotient of two of the test arguments must lie 
between M and 2, and thus the exponent part of the 
result is 200 or 201. The results were tabulated separately 
for these two cases. The 200 result, expected 50% of the 
time, occurred 49.9% of the time. 
If the arguments were truly uniformly distributed in 
(0.5,1.0), then the 177 case would be expected to occur 
about 38.6% of the time. 
V. DISCUSSION OF TABLES 
Tables 1 through 9 contain the data obtained from the 
tests of DFMP and (DFMP). It should be noted that the 
errors are all negative, and that the spread is greater for 
the cases in which the exponent part of the product is 
177, i.e., when a final normalizing shift occurred. The 
accuracy of DFMP would be improved, on the average, 
if the magnitude of the result were always increased by 
adding 1.0 in the last bit position. This fact can some- 
times be exploited in coding. 
It would be desirable to know exactly the least upper 
bounds on the errors of the various operations. In 
Table 10, examples are given that exhibit the largest 
errors which we were able to produce in DFMP and 
(DFMP). 
Tables 11 through 19 present data on the tests of 
DFDP and (DFDP). Here, the errors are nearly sym- 
2 
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metrically distributed about zero, and a high percentage 
of the errors are near zero. I 
In Tables 20 and 21, some useful cumulative per- 
centages are given that were computed from the pre- 
vious tables. For instance, if one interprets 16 decimal 
place accuracy to mean that the relative error is 
below 0.5 then the percentage of cases in which 
DFMP and DFDP deliver 16 decimal place accuracy is 
about 8.3% and 63.0%, respectively, (Table 20); whereas 
15 decimal place accuracy can almost be guaranteed. 
Tables 22,23, and 24 give data on DFAD and (DFAD). 
No statistics are given with these tables as it is believed 
that the set of arguments used do not constitute an 
appropriate set for estimating the general behavior of 
addition or subtraction. 
3 
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Y 1  





Table 1. Classification of relative error in the 
7094 operation DFMP 
200 403 235 366 145 734 154 367" 
200 435 757 120 145 756 321 060 
177 441 522 701 144 327 502 324 
177 441 522 701 144 327 502 331 
-9.27 2-w = -0.514 
R' 
Relative error 
in units of 2-= 
Y 1  200 512 170 434 
Y 2  200 622 022 227 
Computedproduct 200 403 236 352 
Rounded true 
product 200 403 236 352 
-9.5 to -9.0 
-9.0 to -8.5 
-8.5 
-7.5 
-7.5 to -7.0 
-7.0 to -6.5 
-6.5 to -6.0 
-6.0 to -5.5 
-5.5 to -5.0 
-5.0 to -4.5 
-4.5 to -4.0 
-4 .0 to -3.5 
-3.5 to -3.0 
-3.0 to -2.5 
-2.5 to -2.0 
-2.0 to -1.5 
-1.5 to -1.0 
-1 .0 to -0.5 
-0.5 to 0.0 
145 752 375 676 
145 776 202 245 
145 005 630 600 




Std. Dev. R 
Mean I R I 
Std. Dev. I R I 
Median I R I 
interval 





























































































Table 2. largest relative error encountered in DFMP 
when exponent part of product was 177 
--
Table 3. largest relative error encountered in DFMP -
when exponent part of product was 200 -
4 
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Table 4. Classification of errors in the 
7094 operation DFMP 
200 442 643 413 145 762 467 550 
200 466 610 631 145 733 432 365 
177 541 022 174 144 450 466 302 
177 541 022 174 144 450 466 310 
-5.51 
E" 
200 775 762 663 
200 541 647 014 
200 540 332 222 
200 540 332 222 
-6.0 to -5.5 
-5.5 to -5.0 
-5.0 to -4.5 
-4.5 to -4.0 
-4.0 to -3.5 
-3.5 to -3.0 
-3.0 to -2.5 
-2.5 to -2.0 
-2.0 to -1.5 
-1.5 to -1.0 
-1.0 to -0.5 
-0.5 to 0.0 
TOTAL 
145 755 775 432 
145 730 361 350 
145 454 040 015 
145 454 040 020 
Mean E 
Std. dev. E 
Mean I E I 
Std. dev. I E I 
~ 
Median 1 E I 
in tena I 
~ ~~~ 










































































'E = Computed product minus true product in units of the lost bit of the  computed 
product. 
Table 6. largest error encountered in DFMP when 
exponent part of product was200 
Y l  
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Table 7. Classification of errors in the FORTRAN 














I I Number of occurrences i 
Y I  200 512 170 434 
Y2 200 622 0 2 2  227 
Computed product 200 403 236 352 
Rounded true 
product 200 403 236 352 
E' 
145 752 375 676 
145 776 202 245 
145 005 630 574 
145 005 630 603 
~~ 









200 632 340 463 145 732 225 437 
200 421 736 206 145 763 032 501 
177 667 142 234 144 114 332 570 
177 667 142 234 144 114 332 601 
-9.26 
-7.5 to -7.0 
-7.0 to -6.5 
-6.5 to -6.0 
-6.0 to -5.5 
-5.5 to -5.0 
-5.0 to -4.5 
-4.5 to -4.0 
-4.0 to -3.5 
-3.5 to -3.0 
-3.0 to -2.5 
7 I: 8 -  -2 .0 _." ." 
-2.0 to -1.5 
-1.5 to -1.0 
-1.0 to -0.5 
-0.5 to 0.0 
Error 





3 9  
41 









. n . i  





































TOTAL I 12,313 I 19,687 I 32,000 
Mean E 
Std. dev. E 
Mean / E l  
Std. dev. I E I 






2.0 to 2.5 
1.29 
"E = Computed product minus true product i n  units of the lost bit of the com- 
puted producl. 
Table 8. largest error encountered in the subroutine 
(DFMP) when exponent part of product was 177 - -
6 
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200 400 000 001 
177 400 000 004 
777 777 760 
177 400 000 003 
( 1 1 1  
Table 10. Examples of large errors in DFMP' 
145 777 777 776 
144 000 000 003 
056 000 000 010 
144 777 777 776 
Y', True 
Y', 7094 DFMP cY', Subroutine 




-5.999 999 94 
-1  1.999 999 17 * 2-" = -0.666 lo-'' 
Y', True 




200 600 000 001 
200 440 000 002 
{112 777 777 760 
200 440 000 002 
-2.999 999 94 
-5.33 * 2-" = -0.296 * 
Y', Subroutine 
(DFMP) 200 440 000 002 
145 777 777 774 
145 777 777 775 
057 000 000 020 
145 777 777 773 
145 777 777 772 
Error 
Relative error 
-3.999 999 94 
-7.11 2-" = -0.395 lo-'' 
.These examples were constructed l a  exhibit errors in the 7094 operation DFMP thot are close to the unattainable 




























0.5 to 1 .O 
Table 11.  Classification of relative error in the 




















Relative error in 
units of 2-" 
200 427 531 210  Y1 
Y 2  200 400 426 171 
Computedquotient 201 427 051 742 
Rounded true 
quotient 2 0 1  427 051 742 
~ 
-4.0 to -3.5 
-3.5 to -3.0 
-2.5 to - 2.0 
-2.0 to -1.5 
-3.0 to -2.5 
-1.5 to -1.0 
-1.0 to -0.5 
-0.5 to 0.0 
0.0 to 0.5 
0.5 to 1.0 
1.0 to 1.5 
1.5 to 2.0 
2.0 to 2.5 
2.5 to 3.0 
3.0 to 3.5 
3.5 to 4.0 
4.0 to 4.5 
4.5 to 5.0 
145 717 563 334 
145 356 536 536 
146 741 201 207 
146 741 201 204 
TOTAL 
Mean R 
Std. dev. R 
Mean 1 R 1 
Std. dev. I R 1 
Y1 





Median I R I 
interval 
200 432 122 261 145 644 055 420 
200 754 555 051 145 316 044 207 
200 445 151 311 145 670 753 014 
200 445 151 311 145 670 753 012 
3.31 * Z - " =  0.184 * lo-'' 
~ 
Number of occurrences I 
Relative error 
Exponent part of 
quotient 


















































0.5 to 1 .O 
I Percent 
Total I 
Table 13. largest relative error encountered in - DFDP 
when exponent part of quotient was - 201 
8 
~~ 







Table 14. Classification of errors in the 
7094 operation DFDP 
200 775 255 627 145 204 213 241 
200 412 636 176 145 755 730 011 
201 750 550 713 146 232 724 252 
201 750 550 713 146 232 724 255 
-3.48 
E. 
-3.5 to -3.0 
- 3.0 to - 2.5 
-2.5 to -2.0 
-2.0 to -1.5 
-1.5 to -1.0 
-1.0 to -0.5 
-0.5 to 0.0 
0.0 to 0.5 
0.5 to 1.0 
1.0 to 1.5 
1.5 to 2.0 
2.0 to 2.5 
2.5 to 3.0 
TOTAL 
Mean E 
Std. dev. E 
Mean IE] 
Std. dev. ]El 
Median I El 
interval 
.E = Computed quot 
puled quotient 











































































t minus true quotient in units of the last bit of the com- 
Table 15. Largest error encountered in - DFDP when 
exponent part of quotient was 200 
200 456 211 136 





145 321 505 755 
145 263 144 417 
145 661 751 440 
145 661 751 435 
Error ~ 12.51 
Table 16. Largest error encountered in DFDP when 
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200 625 756 157 
200 534 424 421 
201 452 133 236 
201 452 133 236 
Table 17. Classification of errors in the FORTRAN 
library subroutine (DFDP) 
145 767 347 545 
145 046 412 421 
146 404 514 172 
146 404 514 177 
E. 
-7.5 to -7.0 
-7.0 to -6.5 
-6.5 to -6.0 
-6.0 to -5.5 
-5.5 to -5.0 
-5.0 to -4.5 
-4.5 to -4.0 
-4.0 to -3.5 
-3.5 to -3.0 
-3.0 to -2.5 
-2.5 to -2.0 
-2.0 to -1.5 
-1.5 to -1.0 
-1.0 to -0.5 
-0.5 to 0.0 
0.0 to 0.5 
0.5 to 1.0 
1.Oto 1.5 
1.5 to 2.0 
2.0 to 2.5 
2.5 to 3.0 
3.0 to 3.5 
3.5 to 4.0 
4.0 to 4.5 
TOTAL 
Mean E 
Std. dev. E 
Mean ( E l  
Std. dev. [ E l  
Median 1 E 1 
interval 
Number of occurrences I 
Exponent part of 
quotient 














































































































0.5 to 1 .O 0.5 to 1 .O 
"E = Computed product minus true quotient in  units of the last bit of the com- 
puted quotient 
Table 18. largest error encountered in the subroutine 
(DFDP) when exponent part of quotient was 200 -
Table 19. largest error encountered in the subroutine 
(DFDPI when exponent part of quotient was - 201 
~ 
Y I  200 513 525 2 2 1  145 547 614 756 
Y 2  200 527 244 727 145 204 606 337 
Computed quotient 200 756 474 314 145 511 600 070 
Rounded true 
quotient 200 756 474 314 145 511 600 077 
Error -7.32 
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Number of occurrences 
all cases 
E' Exponent = 2018 in 
Table 20. Percentage of cases in which the magnitude 
of the relative error in the product or 
quotient i s  less than .5 * 2-" 




1 0.276 lo-" 1 1.3% 1 34.6% I 
0.555 10'" 6.3 Ye 63.0% 
0.1 1 1  lo-= 41.0% 92.4 % 
0.222 10-l5 90.6 % 99.9 ye 
0.444 lo-'' 99.6 % 100.0 % 




Table 21. Percentage of cases in which the fractional 
part of the product or quotient contains 
at least n correct bits' 
Equivalent 
TOTAL 
number (DFMPI (DFDPI I of decimal 1 DFMP I DFDP 1 Subroutine I Subroutine1 
digits 
32.000 
16.26 2.6 % 




.The magnitude of the error doer not exceed 1 i n  the I n  -k l)ST bi t  
Y1 200 625 461 043 
Y2 200 665 336 416 
Computedsum 201 645 407 631 








145 266 372 407 
145 543 613 545 
146 015 103 064 
146 015 103 066 
I .E = Computed sum minus true rum in  units of the last bi t  of the computed sum. 
Table 23. Classification of errors in the FORTRAN 
library subroutine (DFAD) 
Number of occurrences 











I I Error I -2.00 
11 
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VI. OTHER OBSERVATIONS 
A. Quotient Not Normulized 
Some exceptions were found to the statement that 
“The quotient is in normal form if both the dividend 
and divisor are in normal form.”* A specific case in which 
the quotient produced was not normalized can be illus- 
trated by the result obtained when Z was computed as 
X/Y: 
X = 201 400 000 000 
Y = 200 400 000 000 
Z = 202 377 777 777 
146 000 OOO 000 
145 400 000 007 
147 377 777 772 
It  seems reasonable to infer that this lack of normal- 
ization will occur whenever the high-order words of X 
and Y have the same fractional part, and the fractional 
pzi-: of the Iuw-wruer wora of Y exceeds the fractional 
part of the low-order word of X. 
‘ZBM 7094 DxPxocessing System Reference Manual, No. A22- 
6703, Copyright 1962 by the International Business Machines 
Corporation, New York, p. 40. 
3Hard~are modifications made by IBM engineers in June 1963 have 
corrected this normalization problem. 
It appears as though the DFDP operation should end 
with a test of normalization as the DFMP operation 
does. Unless this is corrected by hardware changes, it 
will be necessary to take into account the possibility of 
unnormalized data in output conversion routines, square 
root, logarithm, and other programs which have in the 
past taken advantage of the assumption that all argu- 
ments would be normali~ed.~ 
B. Multiplicution: the 177 Cuse 
It has been noted previously that about 38.6% of the 
time the fractional part of a product will be small enough 
to require a final normalizing shift during the DFMP 
operation. In such cases. the final hit pmitim c?f the 
final result will necessarily be zero. I t  should be noted 
that multiplication by 1.0 or any other exact power of 
2.0 will always produce this situation. Thus, for example, 
in multiplying by 1.0, using DFMP, the last bit of the 
result will always be a zero and thus will be wrong 
about half the time. This is one case in which (DFMP) 
excells DFMP as (DFMP) gives a correct product in this 
case. 
12 
